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There are various generalizations of Burnside ring. Among others Boltje’s plus
construction is useful for finding explicit induction formulae. In this report, we apply
it to representation theory of the quantum double of a finite group.
1 Mackey functor and restriction functor
Let $G$ be a finite group, and let $k$ be a commutative ring. A restriction functor for
$G$ is a triple $A=$ $(A$ , con, $res)$ consisting of a family $(A(H))_{H\leq G}$ of k-modules $A(H)$ ,
a family of k-module homomorphisms
$con_{H}^{g}:A(H)arrow A(^{g}H)$ ,
the conjugation maps, for $H\leq G$ and $g\in G$ , and a family of k-module homomor-
phisms
$res_{K}^{H}:A(H)arrow A(K)$ ,
the restriction maps, for $K\leq H\leq G$ , satisfying the axioms
(G.1) $con_{r}^{g}ocon_{H}^{r}H=con_{H}^{gr}$ , $con_{H}^{h}=id_{A(H)}$ ,
(G.2) $res_{L}^{K}ores_{K}^{H}=res_{L}^{H}$ , $res_{H}^{H}=id_{A(H)}$ ,
(G.3) $con_{K}^{g}ores_{K}^{H}=res_{gK}^{9H}ocon_{H}^{g}$
for all $L\leq K\leq H\leq G,$ $g,$ $r\in G$ , and $h\in H[3]$ . An algebra restriction functor for
$G$ is a restriction functor $A=$ $(A$ , con, $res)$ for $G$ such that $A(H)$ with $H\leq G$ are
k-algebras and con and $res$ are k-algebra homomorphisms [3]. A Mackey functor for
$G$ is a quadruple $A=$ ($A$ , con, $res$ , ind) consisting of a restriction functor $(A$ , con, $res)$
for $G$ and a family of k-module homomorphisms
$ind_{K}^{H}:A(K)arrow A(H)$ ,
the induction maps, for $K\leq H\leq G$ , satisfying the axioms
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for all $L\leq K\leq H\leq G,$ $U\leq H$ , and $g\in G$ , where in (G.6), the sum is taken over all
$(K, U)$-double cosets $KhU,$ $h\in H$ , of $H$ . A Green functor for $G$ is a Mackey functor
$A=$ ( $A$ , con, $res$ , ind) for $G$ such that $A=(A$ , con, $res)$ is an algebra restriction
functor for $G$ and
(G.7) (Frobenius axioms)
$\sigma\cdot ind_{K}^{H}(\tau)=ind_{K}^{H}(res_{K}^{H}(\sigma)\cdot\tau)$ , $ind_{K}^{H}(\tau)\cdot\sigma=ind_{K}^{H}(\tau\cdot res_{K}^{H}(\sigma))$
for all $K\leq H\leq G,$ $\sigma\in A(H)$ , and $\tau\in A(K)$ .
2 Plus construction
Let $A$ be a restriction functor for $G$ . Let $H\leq G$ , and set
$M(H)= \prod_{U\leq H}A(U)$ .
We consider $M(H)$ to be a left $kH$-module with the action given by
$h.(y_{U})_{U\leq H}=$ $($con$Uh(y_{U}))_{h}U\leq H$
for all $h\in H$ and $(y_{U})_{U\leq H}\in M(H)$ . Let $I(M(H))$ be the smallest kH-submodule
of $M(H)$ such that $H$ acts trivially on $\Lambda,l(H)/I(\Lambda f(H))$ . We write $\overline{d}=d+I(M(H))$
for each $d\in M(H)$ . For any $K\leq H\leq G$ and $\sigma\in A(K)$ , define
$[K, \sigma]=\overline{(x_{U})_{U\leq H}}\in M(H)/I(M(H))$
by
$x_{U}=\{\begin{array}{ll}\sigma if U=K,0 otherwise.\end{array}$
Following [3], we define a Mackey functor $A_{+}=(A_{+}, con_{+}, res_{+}, ind_{+})$ for $G$ by
$A_{+}(H)=M(H)/I(M(H))$ ,
$con_{+H}^{g}([K, \sigma])=[^{g}K,$ $con_{H}^{g}(\sigma)]$ ,
$res_{+L}^{H}([K, \sigma])=\sum_{LhK\in L\backslash H/K}[L\cap hK, res_{Ln^{h}K}^{h}Kocon_{K}^{h}(\sigma)]$
,
$ind_{+L}^{H}([U, \tau])=[U, \sigma]$
for all $K\leq H\leq G,$ $U\leq L\leq H,$ $\sigma\in A(K)$ , and $\tau\in A(U)$ . If $A$ is an algebra
restriction functor, then we view $A_{+}$ as a Green functor whose multiplication on the
elements $[K, \sigma]$ with $K\leq H\leq G$ and $\sigma\in A(K)$ of $A_{+}(H)$ is given by
$[K, \sigma]\cdot[U, \tau]=\sum_{KhU\in K\backslash H/U}[K\cap hU$ .
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3 Burnside homomorphism
Let $A$ be a restriction functor for $G$ . Suppose that $\mathcal{B}=(\mathcal{B}(H))_{H\leq G}$ is a stable k-
basis of $A$ , i. e., $\mathcal{B}(H)$ is a k-basis of $A(H)$ for each $H\leq G$ and $con_{H}^{g}(\mathcal{B}(H))=\mathcal{B}(^{g}H)$
for each $H\leq G$ and for all $g\in G[3]$ . Let $H\leq G$ , and set
$S_{B}(H)=\{(K,$ $\sigma)$ $K\leq H$ and $\sigma\in \mathcal{B}(K)\}$ .
Given $K\leq H$ and $\chi\in A(K)$ , we define elements $\langle\chi,$ $\sigma\rangle$ with $\sigma\in B(K)$ of $k$ by
$\chi=\sum_{\sigma\in \mathcal{B}(K)}\langle\chi,$
$\sigma\rangle\sigma$.
A partially order $\leq$ of $S_{B}(H)$ is defined by
$(U, \tau)\leq(K, \sigma)$ $\Leftrightarrow$ $U\leq K$ and $(res_{U}^{K}(\sigma),$ $\tau\rangle\neq 0$ .
View $S_{B}(H)$ as a left H-set with the action given by
$h.(K, \sigma)=(^{h}K,$ $con_{K}^{h}(\sigma))$
for all $h\in H$ and $(K, \sigma)\in S_{B}(H)$ , and denote by $\mathcal{R}_{B}(H)$ a complete set of represen-
tatives of H-orbits in $S_{B}(H)$ . The elements $[K, \sigma],$ $(K, \sigma)\in \mathcal{R}_{\mathcal{B}}(H)$ , form a k-basis
of $A_{+}(H)$ . Given $(U, \tau)\in \mathcal{R}_{B}(H)$ , we set
$N_{H}(U, \tau)=\{h\in N_{H}(U)|$ con$hU(\tau)=\tau\}$ ,
$W_{H}(U, \tau)=N_{H}(U, \tau)/U$ ,
and
$S_{\mathcal{B}}(H)_{\geq(U,\tau)}=\{(K, \sigma)\in S_{\mathcal{B}}(H)|(K, \sigma)\geq(U, \tau)\}$ .
Let Cl$(H)$ be a full set of nonconjugate subgroups of $H$ . Set
$\mathcal{G}_{A}(H)=$ $\prod$ $A(K)^{N_{H}(K)}$ ,
$K\in C1(H)$
where
$A(K)^{N_{H}(K)}=\{\sigma\in A(K)|con_{K}^{h}(\sigma)=\sigma$ for all $h\in N_{H}(K)\}$ .
Given $(K, \sigma)\in \mathcal{R}_{B}(H)$ , we set
$(K, \sigma)^{+}=\sum_{hN_{H}(K,\sigma)\in N_{H}(K)/N_{H}(K,\sigma)}con_{K}^{h}(\sigma)$
.
The elements $(K, \sigma)^{+},$ $(K, \sigma)\in \mathcal{R}_{\mathcal{B}}(H)$ , form a k-basis of $\mathcal{G}_{A}(H)$ . A k-module homo-
morphism $\varphi_{A,H}$ : $A_{+}(H)arrow \mathcal{G}_{A}(H)$ defined by
$\varphi_{A,H}([U, \tau])=\sum_{(K,\sigma)\in \mathcal{R}_{B}(H)hU\in H}\sum_{/U.K\leq^{\hslash}U}\langle res_{K}^{h}Uocon_{U}^{h}(\tau),$
$\sigma\rangle(K, \sigma)^{+}$
for all $(U, \tau)\in \mathcal{R}_{B}(H)$ is called a Burnside homomorphism.
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for all $K\leq H\leq G$ and $g\in G$ . Then the Green functor $\underline{k}_{+}$ for $G$ is isomorphic
to the Burnside ring functor $k\otimes_{Z}\Omega[3]$ . If $k=\mathbb{Z}$ , then Burnside homomorphisms
$\varphi_{\underline{\mathbb{Z}},H}$ : $\Omega(H)arrow\prod_{K\in C1(H)}\mathbb{Z}$ with $H\leq G$ are ring monomorphisms.
4 Canonical induction formula
Let $X$ be a Mackey functor for $G$ , and suppose that $A$ is a restriction subfunctor
of $X$ . So $A(H)\subseteq X(H)$ for each $H\leq G$ , and the conjugation and restriction maps
of $A$ are compatible with those of $X$ . We define a morphism $\Theta^{X,A}$ : $A_{+}arrow X$ of
Mackey functors for $G$ by
$\Theta_{H}^{X,A}([K, \sigma])=ind_{K}^{H}(\sigma)$
for all $H\leq G$ and $[K, \sigma]\in A_{+}(H)$ . A morphism $\Psi$ : $Xarrow A_{+}$ of restriction functors
for $G$ is called a canonical induction formula for $X$ from $A$ if
$\Theta^{X,A}0\Psi=id_{X}$
[3, 3.3. Definition].
Example 4.1 Assume that $k=\mathbb{Z}$ . For each $H\leq G$ , let $R(H)$ be the character
ring of $\mathbb{C}H$ $($ see, $e.g.,$ $[5$ , \S 9C] $)$ . The character ring functor for $G$ is the Green functor
$R=$ ( $R$ , con, $res$ , ind) for $G$ with usual conjugation, restriction, and induction. Given
$H\leq G$ , let Lin$(H)$ be the set of linear $\mathbb{C}$-characters of $H$ . We denote by $R^{ab}$ the
restriction subfunctor of the character ring functor for $G$ such that $R^{ab}(H)$ , where
$H\leq G$ , is the $\mathbb{Z}$-span of Lin$(H)$ . Observe that $\mathcal{B}^{Lin}=($Lin$(H))_{H\leq G}$ is a stable Z-basis
of $R^{ab}$ . For each $H\leq G$ , define a $\mathbb{Z}-$-module homomorphism $\alpha_{H}^{Lin}$ : $R(H)arrow R^{ab}(H)$
by
$\alpha_{H}^{Lin}(\chi)=\{\begin{array}{ll}\chi if \chi\in Lin (H),0 otherwise\end{array}$
for all irreducible $\mathbb{C}$-characters $\chi$ of $H$ . Let $\mu$ be the M\"obius function of the poset
$(S(G), \leq),$ $S(G)$ the set of subgroups of $G$ .
According to $[$3, $1.8.(a),$ $6.13.(a),$ $9.7$ . Example$]$ , there exists a canonical induction





$m_{\tau}( \chi)=\frac{1}{|W_{H}(U,\tau)|}\sum_{(K,\sigma)\in S_{B^{Lin}}(H)_{\geq(U,\tau)}}\mu(U, K)(\alpha_{K}^{Lin}ores_{K}^{H}(\chi),$
$\sigma\rangle$ ,
for all $H\leq G$ and $\chi\in R(H)$ . In particular, $m_{\tau}(\chi)\in \mathbb{Z}$ for all $H\leq G,$ $\chi\in R(H)$ ,
and $(U, \tau)\in \mathcal{R}_{B^{Lin}}(H)$ . Consequently,
$\chi=\sum_{(U,\tau)\in \mathcal{R}_{\mathcal{B}^{Lin}}(G)}m_{\tau}(\chi)ind_{U}^{G}(\tau)$
for all $\chi\in R(G)$ . This explicit Brauer induction formula is due to Boltje [2].
5 An induction formula for Mackey functors




A subgroup $H$ of $G$ is called primordial for $X$ if $\mathcal{T}^{X}(H)\neq X(H)[10]$ , and is called
coprimordial for $X$ if $\mathcal{K}^{X}(H)\neq\{0\}[3]$ . Let $\mathcal{P}(X)$ be the set of primordial subgroups
of $G$ , and let $C(X)$ be the set of coprimordial subgroups of $G$ . If $|G|$ is invertible in
$k$ , then
$X(H)=\mathcal{T}^{X}(H)\ominus \mathcal{K}^{X}(H)$
for all $H\leq G$ , and thereby, $7(X)=C(X)$ (see $e.g.,$ $[3,6.2$ Proposition]).




for all $K\leq H\leq G,$ $x\in X(H)$ , and $g\in G$ . Here $\overline{y}=y+\mathcal{T}^{X}(L)$ for all $L\leq G$ and
for each $y\in X(L)$ .
The first assertion of the following proposition is due to Puig [9, Proposition
3.4(iii) $]$ (see also [10]), and the second one is part of [3, 6.9 Example] (see also [10,
Proposition 7.7] $)$ , which is a generalization of Brauer $s$ explicit formula for Artin $s$
induction theorem or Witherspoon $s$ explicit formula for Conlon’s induction theorem
(cf. [10, Section 7], [11, Proposition 3.7]).
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Proposition 5.1 Suppose that $|G|$ is invertible in $k$ . Let $X$ be a Mackey functor for
$G_{f}$ and let $H\leq G$ . Then there exists a k-module isomorphism
$X(H)arrow\sim$ $\prod$ $\overline{X}(K)^{N_{H}(K)}$ , $X\mapsto(\overline{res_{K}^{H}(x)})_{K\in}$ Cl $(H)\cap P(X)$ .
$K\in C1(H)\cap P(X)$
Moreover,
$x= \sum_{K\in C1(H)n’P(X)}\frac{1}{|N_{H}(K)|}\sum_{U\leq K}|U|\mu(U, K)$ind$u^{ores_{U}^{H}(x)}H$
for all $x\in X(H)$ .
6 Crossed Mackey functor
Let $S$ be a finite G-monoid, i. e., a finite semigroup with identity on which $G$
acts as monoid homomorphisms. Given a restriction functor $A$ for $G$ , we define a
restriction functor $A_{\otimes S}=(A_{\otimes S}$ , con$\otimes s^{res_{\otimes S})}$ for $G$ by
$A_{\otimes S}(H)=A(H)\otimes_{k}kC_{S}(H)$ ,
$con_{\otimes SH}^{g}(x\otimes s)=con_{H}^{g}(x)\otimes^{g_{S}}$ ,
$res_{\otimes SK}^{H}(x\otimes s)=res_{K}^{H}(x)\otimes s$
for all $K\leq H\leq G,$ $x\in A(H),$ $s\in C_{S}(H)$ , and $g\in G$ . If $A$ is an algebra restriction
functor, then we define multiplication on $A_{\otimes S}(H)$ by
$( \sum_{s\in C_{S}(H)}x(s)\otimes s)(\sum_{t\in C_{S}(H)}y(t)\otimes t)=\sum_{r\in C_{S}(H)}\sum_{(s.t)\in S\cross Sst=r},x(s)y(t)\otimes r$ .
Let $X$ be a Mackey functor for $G$ . Following [8], we define a crossed Mackey
functor $X_{S}=(X_{S}, con_{s}, res_{S}, ind_{s})$ for $G$ by
$X_{S}(H)= \{(x(s))_{s\in S}\in|\prod_{9\in S}X(H_{s})$ con$hH_{\partial}(x(s))=x(^{h}s)$ for all $h\in H\}$ ,
$con_{SH}^{g}((x(s))_{8\in s})=(con_{H_{8}}^{g}(x(s)))_{9_{\theta}\in s}$ ,
$res_{SK}^{H}((x(s))_{s\in S})=(res_{K_{\epsilon}}^{H_{\epsilon}}(x(s)))_{s\in S}$,
ind$SKH((y(s))_{s\in S})=(h$ con$hK_{h}-1_{\epsilon}(y(^{h^{-1}}s)))_{s\in S}$ ,
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where $H_{s}$ is the stabilizer of $s$ in $H$ , for all $K\leq H\leq G$ and $g\in G$ . If $X$ is a Green
functor, then we define multiplication on $X_{S}(H)$ by
$(x(s))_{s\in S}(y(t))_{t\in S}=(_{(t)\in st=r}6^{\backslash }. \frac{\sum}{H_{r}\backslash S\cross S},ind_{H_{\epsilon,t}}^{H_{r}}(res_{H_{\epsilon,t}}^{H_{s}}(x(s))\cdot res_{H_{s,t}^{t}}^{H}(y(t))))_{r\in S}$ ,
where $\overline{H_{r}\backslash S\cross S}$ is a complete set of $H_{r}$-orbits of the diagonal action on $S\cross S$ .
The second assertion of the following theorem is a consequence of Proposition 5.1,
and is related to [12, Theorem 5.5].
Theorem 6.1 Suppose that $|G|$ is invertible in $k$ . Let $S$ be a finite G-monoid, and
let $X$ be a Mackey functor for G. Then
$\mathcal{P}(X_{S})=\mathcal{P}(X)$ ,
and there exists a k-module isomorphism
$X_{S}(H)arrow\sim$ $\prod$ $\overline{X}_{\otimes S}(K)^{N_{H}(K)}$ ,
$K\in CI(H)\cap \mathcal{P}(X)$
$(x_{s})_{s\in S} \mapsto(\sum_{s\in c_{s(K)}}\overline{x_{s}}\otimes s)_{K\in C1(H)\cap P(X)}$
for all $H\leq G$ . If $X$ is a Green functor, then this is a k-algebm isomorphism.
7 Green ring functor
Hereafter we assume that $k=\mathbb{Z}$ . For each $H\leq G$ , let $a(H)$ be the Green
ring of $\mathbb{C}H$ $($see, $e.g.,$ $[5$ , \S 80D] $)$ . The Green ring functor for $G$ is the Green functor
$a=$ ( $a$ , con, $res$ , ind) for $G$ with usual conjugation, restriction, and induction. The
character ring functor for $G$ and the Green ring functor for $G$ are isomorphic.
We view $G$ as a G-monoid with the action given by conjugation $rg$ where $r,$ $g\in G$ .
Let conj $(G)$ be a full set of nonconjugate elements in $G$ .
The next proposition is a consequence of Theorem 6.1, and is a special case of
Lusztig $[6_{7}2.2(g)]$ (cf. [12, p. 316], Theorem 8.1).




8 The quantum double of a finite group
We denotc by $(\mathbb{C}G)^{*}$ the set of all linear mappings from $\mathbb{C}G$ to $\mathbb{C}$ , and view it as
the $\mathbb{C}$-algebra with pointwise addition and multiplication. Suppose that $(\mathbb{C}G)^{*}$ is the
left G-set with the action given by
$gf(x)=f(g^{-1}xg)$
for all $f\in(\mathbb{C}G)^{*},$ $g\in G$ , and $x\in \mathbb{C}G$ . We set $D(G)=\mathbb{C}G\Theta_{\mathbb{C}}(\mathbb{C}G)^{*}$ . The quantum
double of $G$ is the $\mathbb{C}$-algebra $D(G)$ with multiplication given by
$(g_{1}\otimes fi)(g_{2}\otimes f_{2})=g_{1}g_{2}\otimes f_{1}^{g_{1}}f_{2}$
for all $g_{1},$ $g_{2}\in G$ and $f_{1},$ $f_{2}\in(\mathbb{C}G)^{*}$ $($ see, $e.g.,$ $[7,12])$ . There is a basis $\{\phi_{g}|g\in G\}$
of $(\mathbb{C}G)^{*}$ given by
$\phi_{g}(s)=\{\begin{array}{ll}1 if s=g,0 otherwise.\end{array}$
Suppose that $H\leq G$ , and define a subalgebra $D_{G}(H)$ of $D(G)$ by
$D_{G}(H)= \sum_{s\in G,h\in H}\mathbb{C}h$
\copyright $\phi_{s}$ .
Let $D_{G}(H)$-mod be the set of finitely generated $D_{G}(H)$-modules. We define a tensor
product $M_{1}\otimes M_{2}$ with $M_{1},$ $M_{2}\in D_{G}(H)$-mod by the left $D_{G}(H)$-module $M_{1}\otimes_{\mathbb{C}}M_{2}$
with the action of $D_{G}(H)$ given by
$(h \otimes\phi_{s})(u\otimes v)=\sum_{g\in G}(h\otimes\phi_{g}-1)u\otimes(h\otimes\phi_{gs})v$
for all $h\otimes\phi_{s}\in D_{G}(H)$ and $u\otimes v\in M_{1}\otimes_{\mathbb{C}}M_{2}$ .
For each $M\in D_{G}(H)$-mod, we denote by $[M]$ the isomorphism class containing
$M$ . Let $D_{G}(H)-\overline{mod}$ be the set of isomorphism classes $[M]$ with $M\in D_{G}(H)$-mod,
and denote by $R(D_{G}(H))$ the ring consisting of $\mathbb{Z}$-linear combinations of isomor-
phism classes $[M]\in D_{G}(H)-\overline{mod}$ with direct sum for addition and tensor product
for multiplication.





for all $K\leq H\leq G,$ $g\in G,$ $M\in D_{G}(H)$-mod, and $N\in D_{G}(K)$-mod, as usual
([1, 12]).
The following theorem is due to Oda and Yoshida [8, 5.5. Theorem] (see also [4]):
Theorem 8.1 The Green functors $R_{D_{G}}$ and $a_{G}$ are isomorphic.
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9 An induction formula for the quantum double of a finite group
Let $H\leq G$ , and let $\overline{H\backslash G}$ be a complete set of representatives of H-orbits in
$G$ . From Theorem 8.1, we know that $D_{G}(H)$ is a semisimple algebra. The set of
isomorphism classes of irreducible $D_{G}(H)$-modules is
Irr $(D_{G}(H))$ $:= \{[M]\in D_{G}(H)-\overline{mod}|foranyt\in witht\neq forsomesand(1\bigotimes_{S}\phi_{t})M=0(1\otimes\phi_{s})M_{\frac{anir}{H\backslash G\backslash G}}reducib1e\mathbb{C}H_{s}-module\frac{\in is}{H},\}\cdot$
Let $R^{ab}(D_{G}(H))$ be the ring consisting of $\mathbb{Z}$-linear combinations of isomorphism
classes $[N]\in$ Lin$(D_{G}(H))$ , where
Lin $(D_{G}(H))= \{[N]\in D_{G}(H)-\overline{mod}|witht\neq\dim_{\mathbb{C}}((1\bigotimes_{S}\phi_{s})N)=1forsome\overline{H\backslash G}and(1\otimes\phi_{t})N=0foranyt\in\frac{s\in}{H\backslash G},$ $\}\cdot$
Define a $\mathbb{Z}$-module homomorphism $D\alpha_{H}$ : $R(D_{G}(H))arrow R^{ab}(D_{G}(H))$ by
$D\alpha_{H}([M])=\{\begin{array}{ll}[M] if [M]\in Lin (D_{G}(H)),0 otherwise\end{array}$
for all $[M]\in$ Irr $(D_{G}(H))$ .
We define a restriction subfunctor $R_{D_{G}}^{ab}$ of $R_{D_{G}}=$ ( $R_{D_{G}}$ , Dcon, Dres, Dind) by
$R_{D_{G}}^{ab}(H)=R^{ab}(D_{G}(H))$ for all $H\leq G$ . Observe that $B^{D_{G}}$ $:=(Lin(D_{G}(H)))_{H\leq G}$ is a
stable $\mathbb{Z}$-basis of $R_{D_{G}}^{ab}$ .
We can now state an analogy of an explicit Brauer induction formula given in
Example 4.1.
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